Abstract. We bound the first occurrence in the theta correspondence of irreducible cuspidal automorphic representations σ of orthogonal groups, in terms of their generalized Gelfand-Graev periods. We also obtain a local analog at a finite place. As a result, we determine a range of holomorphy of L S (s, σ) in the right half plane in terms of the local generalized Gelfand-Graev models of σ at one finite place.
Introduction
In [GJS07] , we characterized the first occurrence of irreducible cuspidal automorphic representations of O m (A) under the theta correspondence to Mp 2n (A), where Mp 2n (A) is either Sp 2n (A) (when m is odd) or Sp 2n (A) (when m is even) in terms of the existence of poles of certain Eisenstein series (Theorem 1.3, [GJS07] ). Here, A is the ring of adeles of a number field k. As a consequence, we determined a range of holomorphy in the right half plane for the standard partial L-functions L S (s, σ) of irreducible cuspidal automorphic representations σ of O m (A) (Theorem 1.1 in [GJS07] ). These results can be viewed as a natural extension to orthogonal groups of the work of Kudla and Rallis on symplectic groups ( [KR94] ) and as a completion to Moeglin's work ([M97a] and [M97b] ).
In this paper, we discuss the relations between the global or local theta correspondence and the generalized Gelfand-Graev periods or models. As a consequence, we determine a range of holomorphy in the right half plane of the standard partial L-functions L S (s, σ) in terms of local generalized Gelfand-Graev models supported by a local component σ v at one finite place v. A preliminary version of such a result was given in [GJS07] (Theorem 1.7), and some related very interesting applications were discussed in §7 of [GJS07] .
For an irreducible cuspidal automorphic representation (σ, V σ ) of O m (A), we define in §2.2 ψ t,α -Fourier coefficients of φ σ ∈ V σ in (2.14). The characters ψ t,α are parametrized by integers t and a square classes α in k. Let r be the Witt index All three authors are partially supported by the USA-Israel Binational Science Foundation, and the second named author is also supported in part by NSF grant DMS-0653742.
c 0000 (copyright holder) of the quadratic space defining O m . We assume that r is positive, 1 ≤ t ≤ r, and 2t < m. Similarly, we define in (2.17) the notion of a ψ t,α -functional in the local setting. The main result of this paper can be formulated as follows. . This is Theorem 1.5 in [GJS07] . If t = r − 1, then σ has a nonzero ψ r−1,α -Fourier coefficient. This case was discussed in §7 of [GJS07] .
When m 0 = 0, O m is the split orthogonal group in 2r variables. If t = r − 1, then ψ r−1,α is a Whittaker character, and the assertion of the first part of the main theorem is that L S (s, σ) is holomorphic when Re(s) > 1. This is Theorem 1.5 in [GJS07] .
We first prove in §4 that the nonvanishing of ψ t,α -Fourier coefficients of σ determines a range of the lowest occurrence LO ψ (σ) (defined in §3.1) of ψ-theta lifts of σ. Then we establish the corresponding local version of this global result. This is done by an explicit calculation of the ψ t,α -Fourier coefficient of theta lifts of cuspidal automorphic representations from Mp 2n (A) to O m (A), and an analogous calculation in the local setting. At the first occurrence, we get a relation between these ψ t,α -Fourier coefficients (respectively, functionals in the local setting) and Whittaker coefficients (resp. models), corresponding to ψ and α, on the symplectic or metaplectic side. Finally, we use Theorem 1.1 in [GJS07] . Since we quote this theorem several times in this paper, we bring it here for convenience. 
2 . The authors thank the referee for his comments and suggestions.
The Generalized Gelfand-Graev Periods
Let k be a number field and A be the ring of adeles of k. Let (X m , (·, ·)) be a nondegenerate quadratic vector space over k of dimension m and Witt index r. We assume that r ≥ 1. For any nonnegative integer a, we denote by (2.1)
the polarization of the 2a-dimensional quadratic k-vector space H a , which is the direct sum of a-copies of the hyperbolic plane. Then X m can be written as 
where ω r is the r × r permutation matrix with 1 in its second main diagonal, i.e. 
where u ∈ U t , the maximal standard (upper-triangular) unipotent subgroup of GL t . Denote the first column of x by x 1 . Then the vectors (2.7)
form a k-vector space which is isomorphic to X m−2t . Consider the action of
By the Witt theorem, the space X m−2t decomposes into the following disjoint union of k-rational GL 1 × O m−2t -orbits:
where O 0 consists of all (nonzero) isotropic vectors in X m−2t and O α consists of all vectors
It is clear that the character ψ t,α is trivial when restricted to
normalizes V t , the group of k-rational points L t (k) also acts on the characters ψ t,α , as α runs through a square class in k × . Consider the following decomposition
Since µ α is anisotropic, the orthogonal complement (k · µ α ) ⊥ is a nondegenerate quadratic k-vector space of dimension m − 2t − 1 with respect to the restriction of the bilinear form (·,
We want to calculate the Witt index of (k · µ α ) ⊥ . Recall that m − 2t ≥ 1. If t = r, then X m−2t = X m 0 is anisotropic, and hence the Witt index of (k · µ α ) ⊥ is zero. If t < r, then the Witt index of X m−2t is r − t and we have (2.13)
⊥ is r − t − 1. For an automorphic form φ on O m (A), we define the ψ t,α -Fourier coefficient of ϕ by the following integral (2.14)
It is clear that the restriction of 
if the last integral converges. We refer to [GPSR97] for applications of such periods to the theory of automorphic L-functions.
Local models.
Let v be a finite local place of k and k v be the local field of k at v. Let ψ v be a nontrivial character of k v . We define the v-analogue of 
We say that σ v has a nontrivial generalized Gelfand-Graev model (or Bessel model) of type (
is nonzero. In this case, take 0 
Global and Local Theta Correspondences
In this section we recall the global and local theta correspondences for O m and then study the global and local first occurrences of theta correspondences in terms of the periods or models defined in the previous sections.
3.1. Global and local theta liftings. Let Sp 2l be the symplectic group of krank l. Then (O m , Sp 2l ) forms a reductive dual pair in Sp 2lm in the sense of R. Howe ([H79] ). We denote by Mp 2l (A) the metaplectic double cover Sp 2l (A) of Sp 2l (A) if m = 2n + 1 or the A-rational points Sp 2l (A) of Sp 2l if m = 2n. Similarly, we denote by
and their splitting properties can be found in many references. See, for instance, [K94] or [JngS07b] .
For a non-trivial character ψ of A/k, there exists the Weil representation ω ψ of Sp 2lm (A), which is realized in the Schrödinger model S(A ml ), where S(A ml ) is the space of C-valued Schwartz-Bruhat functions on A ml . For ϕ ∈ S(A ml ), we form the theta function
on Sp 2ml (A). This series is absolutely convergent and defines a function of moderate growth on Sp 2ml (A). There is a natural homomorphism
with kernel C 2 = {±1}, and the center of O m (A) diagonally embedded. We pull the Weil representation ω ψ back to O m (A) × Mp 2l (A). This allows us to restrict
with φ σ ∈ V σ , defines an automorphic form on Mp 2l (A). We denote by θ 
as ϕ and φπ vary. We say that θ m ψ,2l (π) is the ψ-theta lifting ofπ to O m (A). In this paper, all representations of the metaplectic group (global or local) are assumed to be genuine.
Recall that a basic problem in the theory of the theta correspondence is to determine when the ψ-theta lifting θ For a nontrivial character ψ v of k v , let ω ψv be the Weil representation of the re-
A detailed discussion of the splitting of the double cover and the related the cocycles can be found in [JngS07b] , for example. See [K94] for general reductive dual pairs.
Let
then we say thatπ v is a local ψ v -theta lift of σ v , and σ v is a local ψ v -theta lift ofπ v . We do not assume that the local Howe duality conjecture holds for the case we are discussing here. The local Howe duality conjecture was proved by J.-L. Waldspurger [W90] , when the residual characteristic of k is odd. In such a circumstance, the local ψ v -theta lift is the same as the local ψ v -Howe lift. We refer to [MVW87] for more detailed discussions. We define the first occurrence for the local ψ v -theta liftings based on (3.4). More precisely, we say that the first occurrence of 
We define the local lowest occurrence of σ v by
We mention here the conservation relation conjectured by Kudla and Rallis, namely that FO ψv 
The local first occurrence forπ v can be defined in the same way.
Vanishing of theta liftings.
For an irreducible cuspidal automorphic representation σ of O m (A), we are going to relate, by doing some explicit calculations, the nonvanishing of the ψ t,α -Fourier coefficient on σ to the first occurrence FO ψ (σ) of σ.
Following [MW87] , [M96] and [GRS03] , we say that σ has ψ t,α as a top Fourier coefficient, for given t ∈ {1, 2, · · · , r} and
2 , and t > t. Recall again that we assume that m − 2t ≥ 1. Note that if r, the k-rank of O m , is zero, i.e. O m is k-anisotropic, then σ has no such Fourier coefficients at all.
The first result in this paper is 2 ], ψ t,α is a Whittaker character. In these cases the theorem is well known (at least the version with special orthogonal groups). See [W80] , for m = 3, [PSS87] , for m = 5, [F95] , for m odd, in general, and [GRS97] , for m even.
Here is an outline of the proof of Theorem 3.1. It suffices to show that for any l < t, the ψ-theta lifting θ 
where W 2l is the nondegenerate symplectic k-vector space defining Sp 2l , and hence Mp 2l . We assume that O m acts from the left on X m and Sp 2l acts from the right on W 2l . We may take a canonical basis
We consider the Weil representation ω ψ on the mixed Schrödinger model (3.9)
where w i ∈ W 2l (A) and y j ∈ Y + l (A) for i = 1, · · · , t and j = 1, · · · , m − 2t. By assumption, σ has a nonzero ψ t,α -Fourier coefficient for t ≤ r and for some α ∈ k × (see (2.14)), i.e.
(3.11)
is nonzero, for some φ σ ∈ V σ and some g ∈ O m (A). By (3.5), we may take φ σ to be
(3.13)
The switch of order of integrations is easily justified, since V t (k)\V t (A) is compact, φπ is rapidly decreasing and θ ψ,ϕ (v, h) is of moderate growth. The inner integral is the ψ t,α -Fourier coefficient of the theta function (3.14)
Then we have
We postpone the proof of Proposition 3.2 to §4.1. By Proposition 3.2, if l < t, the ψ t,α -Fourier coefficient of the theta function
, is zero for all ϕ ∈ S(A ml ). It follows that the ψ t,α -Fourier coefficient F ψ t,α (φ σ ) as in (3.11) is zero for all φ σ ∈ V σ . This contradicts our assumption. This will prove Theorem 3.1.
By applying Theorem 3.1 above to Theorem 1.1 in [GJS07] , we obtain
Corollary 3.3. Let σ be an irreducible cuspidal automorphic representation of O m (A). If σ has ψ t,α as a top Fourier coefficient, for some t ∈ {1, 2, · · · , r},
with r = m−m0 2 ≥ 1, m − 2t ≥ 1, and some α ∈ k × mod (k × ) 2 , then the partial L-function L S (s, σ) is holomorphic for Re(s) > m 2 − t.
Fourier Coefficients of Theta Functions
We shall prove Proposition 3.2 first and then develop its local version afterwards.
Proof of Proposition 3.2.
We shall use the notation in §3 for the calculation of the ψ t,α -Fourier coefficient of the theta function θ ψ,ϕ (g, h) as in Proposition 3.2,
Let us rewrite the elements (2.6) in V t in the form
We may write the elements of
where x t is the last row of x. We have
We first work out the dz-integration in (4.2). By the definition of the mixed Schrödinger model as in (3.9) and (3.10), θ ψ,ϕ (v(z)g, h) can be written as (4.3)
We have the following formula for the action of ω ψ (v(z), 1) on the mixed Schrödinger model,
where Gr(w 1 , · · · , w t ) is the Gram matrix of (w 1 , ..., w t ) (see [K96] , p. 37, and also [JngS07b] , p. 727). Hence the dz-integration can be expressed as
where the summation over w i , y j is the same as in (4.3). The order switch of integral and sum is easily justified, since Z t (k)\Z t (A) is compact and the summation over w i , y j is absolutely convergent. Note that 
by the choice of the Haar measure on Z t (k)\Z t (A). Therefore we have
where the summation is over all
, and all w 1 , · · · , w t ∈ W 2l (k) with the property that w 1 , w 2 , · · · , w t generate a totally isotropic subspace of W 2l (k). Again, since dim k Span k (w 1 , · · · , w t ) ≤ l < t, w 1 , ..., w t are automatically linearly dependent. Hence we obtain
Then we can split the last integral as a sum over 0 
Here, we used the automorphy of theta series. More explicitly, if we write in (4.5),
The point is that the summation over y j ∈ Y + l defines the theta series on O m−2t (A)× Mp 2l (A). To explain this, we may assume that g = 1, and that ϕ = ϕ 1 ⊗ ϕ 2 , where 
As before, we may switch the order of summations and the dx-integration and get
where W α,d is the variety of all (w 1 , ..., w t ; y 1 , ..., y m−2t ), such that the
Recall that µ α is the (column) vector in X m−2t (k), such that (µ α , µ α ) = α, which enters into the definition of ψ t,α . The action of 
Note that by definition of W α,d , we must have d ≥ 1 and w 1 = 0. Denote by w (t:d) the element in (4.9), and let
Again, in (4.7), we may switch order of summations and the du-integration. Then, the contribution of the
Hence, if the restriction of the character ψ t,α to the stabilizer L w (t:d) (A) is nontrivial, then we must have
Note again that in the orbit O w (t:d) , y 1 , ..., y m−2t are fixed. Now for a U t (k)-orbit O w (t:d) with representative of the form (w (t:d) ; y 1 , . .., y m−2t ), where w (t:d) is as in (4.9), since r ≤ l < t, it is easy to check that the stabilizer L w (t:d) contains at least one simple root of GL t in U t . Recall again, that in W α,d , we must have w 1 = 0. Hence we must have that the restriction of the character ψ t,α to the stabilizer L w (t:d) (A) is nontrivial. This proves Proposition 3.2.
Genericity of theta liftings.
We are going to calculate the ψ t,α -Fourier coefficient F ψ t,α (φ σ ) of φ σ ∈ V σ , as defined in (3.12) when l = t. In other words, we will calculate explicitly the following integral (4.12)
for φ σ ∈ V σ and ϕ ∈ S(A mt ). For this, we simply continue our calculation in §4.1, with l = t. What we did shows that in (4.7) only d = t may contribute a nonzero summand. Note also that for (w 1 , ..., w t ; y 1 , . .., y m−2t ) ∈ W α,t (k), w 1 , ..., w t form a basis of Y − t . Denote by S the unipotent radical of the Siegel parabolic subgroup P t . Then we may replace in (4.7) (l = t) the summation over γ ∈ P t (k)\Sp 2t (k) by the summation over γ ∈ S(k)\Sp 2t (k), but now (w 1 , ..., w t ) = (f −t , ..., f −1 ) are fixed to be the standard basis of Y − t . We get
where Y α is the set of all (y 1 , ..., y m−2t ), such that the y j lie in Y + t , satisfy (f −i , y j ) = 0, for all 1 ≤ i < t and 1 ≤ j ≤ m − 2t, and similarly
This implies that Y α is a single point. Indeed, we must have y j = a j f t , where a j ∈ k, and
In terms of our notation (3.9), (3.10), it is now more convenient to redenote the (4.14) Substitute this in (3.13). We get (4.15) In the mixed Schrödinger model (3.9), we have, for s =
Factoring integration in the last integral through S(A), we get
Next, we have the following formula, for u ∈ U t (A),
Then by changing variable h → uh in the last integral, we get that (4.17) It is clear that the semi-direct product U t S is the unipotent radical R t of the standard Borel subgroup of Sp 2t and the product of the two characters ψ t,α (u) and 
We record the calculation above in the following proposition. 
Then the ψ t,α -Fourier coefficient of σ is related to the ψ Rt,α -Whittaker -Fourier coefficient ofπ by
In particular, ifπ is not generic, or if α is not represented by X m−2t , then σ has zero ψ t,α -Fourier coefficients.
As a corollary, we get Conversely, start with an irreducible, cuspidal automorphic representationπ of Mp 2t (A), which is globally generic with respect to a character of the form ψ R t ,α , where α ∈ k × . Assume that t ≤ r and 2t < m. We use the same notation pertaining to X m (X m−2t , the symmetric nondegenerate matrices T m−2t etc.). Since the quadratic form defined by T m 0 +2 is not anisotropic, α is represented by T m 0 +2 . Let µ α ∈ X m0+2 (k) be such that (µ α , µ α ) = α, and consider the r.h.s. of (4.19), where we take ω ψ to be the Weil representation of the dual pair O m0+2+2t (A) × Mp 2t (A).
It is easy to see that the r.h.s is not identically zero. By Proposition 4.1, we conclude that the ψ t,α -Fourier coefficient of the ψ theta lift ofπ to O m 0 +2+2t (A) is nontrivial. In particular, the ψ-theta lift ofπ to O m0+2+2t (A) is nonzero. Now, let σ be an irreducible cuspidal automorphic representation of O m (A), which has a nontrivial ψ t,α -Fourier coefficient. We already proved that FO ψ (σ) ≥ 2t. If FO ψ (σ) = 2t, then, by what we just explained, we must have that r ≤ t + 1. Thus, if we assume that t < r − 1, we get that FO ψ (σ) ≥ 2t + 2, and hence, by Theorem 1.1 in [GJS07] 
Assume that α is represented by the quadratic form corresponding to T m 0 , and that t < r. Then the partial L-function L S (s, σ) is holomorphic for
Re(s) > m 2 − t − 1.
Completion of the Proof of Theorem 1.1
The proof of Part (1) of Theorem 1.1 is completely analogous to the one in §4.1. We will use the same notation as before, adapted to the local setting.
5.1. Local models and theta lifts. We determine the vanishing of local theta lifts in terms of the local ψ t,α -functional. Here is the result. 
This is the local analogue of Theorem 3.1. The proof uses the local version of the global arguments used in the proof of Theorem 3.1 and is modeled after the proof of Proposition 2.1, [JngS03] and of Theorem 4.2, [JngS07a] . Here is a sketch.
It is enough to show that the local ψ-theta lift θ 2l ψ,m (σ) of σ to Mp 2l (F ) is zero for all l < t. Assume that this is not the case. Then there is a integer l < t such that the ψ-theta lift θ 2l ψ,m (σ) of σ to Mp 2l (F ) is nonzero. This means by (3.4) that there is an irreducible admissible representationπ of Mp 2l (F ) such that
where ω ψ is the local Weil representation of Mp 2lm (F ), restricted to the dual pair (O m (F ), Mp 2l (F )). Following §3, we consider the analogous polarizations for X m and W 2l
We consider the local Weil representation ω ψ on the mixed Schrödinger model for v ∈ V t (F ), h ∈ Mp 2l (F ), ξ ∈ Vπ∨ , and ϕ is a function in the mixed model. We consider the local version of the dz-integration as in (4.4), and obtain as in [JngS03] , p. 755, that for each fixed ξ, β is supported on . Then it is easy to see that J Zt (S(C)) ∼ = 0 and J Zt (S(C 0 )) ∼ = S(C 0 ). We regard S(C 0 ) as a module over (Z t (F )\V t (F )) × Mp 2l (F ). Denote U t (F ) = Z t (F )\V t (F ). We identify U t (F ) with U t (F )M t×(m−2t) (F ) and regard ψ t,α as a character of U t (F ). Thus, we have to prove that J U t (F ),ψ t,α (S(C 0 )) = 0, when l < t. Write C 0 as the disjoint union, over 0 ≤ d ≤ l, of the varieties 
